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Abstrat
The Hamiltonian Theory of the frational quantum Hall eet is an operator desription that
subsumes many properties of Composite Fermions, applies to gapped and gapless ases, and has
been found to provide results in quantitative aord with data on gaps, relaxation rates and po-
larizations at temperatures of 300mK and above. The only free parameter is λ, whih is related
to the sample thikness and appears in the Zhang-Das Sarma potential v(q) = 2πe
2
κq e
−qlλ
where l
and κ are the magneti length and dieletri onstant. Here we examine the reent data of Tray
and Eisenstein on the nulear magneti resonane relaxation rate at lling fator ν = 12 dedued
from resistivity measurements at temperatures as low as 45mK. We nd that their results an be
satisfatorily desribed by this theory, if in addition to a v(q) with λ ≃ 2, a onstant disorder width
Γ ≃ 100mK is inorporated.
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I. INTRODUCTION
There are several theoretial approahes to the frational quantum Hall eet (FQHE)[1,
2℄. For frations of the form ν = 1
2p+1
one an write down inspired trial wave funtions
following Laughlin[3℄ to desribe the inompressible liquid ground state and its gapped
exitations. These exitations an be further studied using an extension of the Bijl-Feynman
approah of Girvin, MaDonald and Platzman [4℄.
For a more general lass of frations with lling ν = p/(2ps+1), one an follow Jain[5, 6℄
and work with Composite Fermions (CF) whih are obtained from eletrons by attahing 2s
ux quanta [7, 8℄. On average, these attahed ux quanta neutralize enough of the external
ux so that the total is just right for the CF's to ll exatly p Landau levels. When the
wave funtions of these unique states are gauge transformed bak to eletroni language
and projeted to the Lowest Landau Level (LLL) of eletrons, they beome exellent trial
wave funtions. The quasipartile exitations an likewise be desribed by starting with
partile-hole exitations of these p-lled CF-LL's (Composite Fermion Landau levels).
For the Laughlin frations Zhang, Hansson, and Kivelson [9℄ provided a mirosopi
Chern-Simons (CS) eld theory diretly linked to the original Hamiltonian. They onverted
eletrons to bosons by adding 2p+1 ux quanta so that on average the bosons saw no ux.
Lopez and Fradkin [10℄ extended the CS eld theory to the Jain frations p/(2ps + 1). In
both the bosoni and fermioni ases utuations on top of the mean eld desription were
desribed a CS gauge eld. The path integral approah allowed one to more readily ompute
time and spae dependent response funtions and go to nonzero temperature T .
The CS theory applied to ν = 1
2
leads to CF's that see, on average, zero eetive eld.
Kalmeyer and Zhang[11℄, and Halperin, Lee, and Read (HLR)[12℄ studied the Fermi sea
of CF's that oupled to CS gauge eld. The latter authors performed an exhaustive and
denitive study making preditions in agreement with many experiments.
However all the CS theories have one weakness: They do not yield a smooth limit as
one projets to the LLL by sending m → 0. This sends the eletroni ylotron frequeny
ωc =
eB
mc
→ ∞, thereby foring all the eletrons to be in the LLL (for ν ≤ 1). We know
that a smooth limit must exist, and that in this limit the kineti energy should beome
an ignorable onstant and the entire Hamiltonian should be just the Coulomb interation
v(q) between eletrons. The quasipartile mass, its band struture, its residual interations,
2
response funtions, and so on should be determined solely by v(q). In the Chern-Simons
theories sending m to zero auses unavoidable singularities. These theories also lead at the
mean-eld level to a CF of harge e and not the orret quasipartile harge of
e∗ =
e
2ps+ 1
= e(1− c2) (1)
where
c2 =
2ps
2ps+ 1
(2)
is a onstant that will appear repeatedly in this paper.
The eletri harge does not ome out right beause the CS proedure attahes the ux
but not the sreening harge assoiated with the nuleation of a 2s-fold vortex so evident in
the wave funtion desription[3, 5℄. (In other words, the ux aptures only the phase of the
vorties but not their modulus, with its 2s-fold zero.) In partiular, at ν = 1/2, c2 = 1, it
does not yield a neutral fermion or desribe its dipole struture [13℄.
The present authors addressed these problems by developing a Hamiltonian approah[14,
15, 16, 17℄ in whih the LLL limit an be taken naturally, and many properties of the CF, suh
as its redued harge e∗ = 1/2ps+ 1, and its dipolar nature are enoded unambiguously in
the operator struture. Relegating the details of this theory to the next setion, we merely
point out that it not only reprodues results found by Monte Carlo alulation based on
trial wave funtions [18℄, (for potentials that are not too singular at short distanes), it also
furnishes results in quantitative aord with data on gaps, relaxation rates and polarizations
at temperatures of 300mK and above for gapped and gapless frations [19, 20℄.
The sense in whih the Hamiltonian theory aounts for the data needs some
elaboration[19℄. Consider the ν = 1/2 data of Dementyev et al[21℄, and Khandelwal [22℄,
who measured the polarization and the NMR relaxation rate for relatively high temperatures
(down to 300mK). One an easily nd a simple CF theory with an eetive mass, and if
needed, a Stoner interation J , to t the data in a limited range. There are two shortomings
in this approah. First, the origin of the CF mass and interation are viewed as unrelated
when in fat they both originate from the eletrostati interation between eletrons. Next,
as emphasized by Dementyev et al[21℄ and Khandelwal[22℄, if one onsiders all of their data
globally, for both polarization and relaxation, the values of (m, J) needed for one observable
are totally inompatible with those mandated by the other. This is beause no single pair
(m, J) an desribe the underlying physis.
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On the other hand, in the Hamiltonian theory, the only free parameter is λ, a parameter
related to the sample thikness in the Zhang-Das Sarma potential[23℄
v(q) =
2πe2
κq
e−qlλ (3)
where l =
√
~c
eB
is the magneti length, and κ is the dieletri onstant. The parameter
λ is extrated from one data point, after whih the theory does quite well at prediting
the rest of the data[19℄. As we review the theory, it will beome apparent how the CF
band struture and interations (whose nonstandard funtional forms are fully determined
by v(q)) will arise in a orrelated way, and vary with the hemial potential, temperature
et., to produe varying eetive mass and interation parameters.
The urrent work was triggered by reent experiments of Tray and Eisenstein (TE)[24℄.
They measured the NMR relaxation rate
1
T1
at muh lower temperatures than previously
(going as low as 45 mK) and for a wide range of B elds while keeping the lling fator
at ν = 1
2
. The relaxation rate was measured by disturbing the system magnetially, and
measuring the relaxation of the resistane to its equilibrium value. The preise ausal
relationship between the non-equilibrium value of polarization and the non-equilibrium value
of the resistane is obviously not needed to extrat their ommon relaxation rate.
We do not have muh to say about the region of very high B where the polarization
has saturated and the spin up and down bands have separated. Here we simply expet the
following asymptoti behavior:
T1(B, T ) ≈ exp EZ − E
∗
Z
T
(4)
where EZ is the Zeeman oupling, and E
∗
Z is the ritial Zeeman oupling at whih the
system beomes fully polarized.
Our fous is on the region before saturation where the two spin bands overlap. What
does a naive model of noninterating CF's predit here? One an easily argue that:
1
T1T
≃ |u(0)|4m∗2 ≈ B5/3 (5)
where m∗ is the eetive mass (and ontrols the density of states) and where u(0) measures
the height of the wave-funtion in the transverse diretion. Two fators ontribute to the
nal power of B: (i) The density of states per unit volume for eah spin speies sales as
m∗ ≃ B1/2 (whih in turn follows from setting k2F/m∗ ≃ e2/l) (ii) The fator |u(0)|4, sales as
4
B2/3 beause the thikness t of the 2DEG sales as n−1/3 ≃ B−1/3[25℄ and |u(0)|2 integrates
to unity in the transverse oordinate. Thus one expets that at xed T ,
T1 ≃ B−5/3. (6)
However the TE data show a nearly at dependene on B till saturation begins to set in, in
ontradition with naive CF theory.
In the Hamiltonian theory the B dependene of T1 is muh more ompliated. First the
density of states (and hene m∗) varies with the hemial potential sine the bands are not
quadrati. Next the self-onsistent band struture depends on another energy sale, the
Zeeman energy, and on the thikness parameter λ, whih sales with B as t/l0 ≃ B1/6. All
of this preludes any naive saling. One simply has to turn the rank to see how things
depend on B. We did that and here are the main results.
We found that while a suitable λ ≃ 2 (at 4 Tesla) ould produe aeptable graphs, the
data learly alled for a nonzero disorder-indued width Γ of order 100mK for all momentum
states. The existene of suh a Γ and its order of magnitude both are impliit in TE data
for the equilibrium resistivity[24℄, reprodued in Fig. (1). Assuming a Drude form for the
ondutivity
σ =
ne2τ
m∗
(7)
with e being the eletroni harge, andm∗ being the eetive mass of the CF's, one nds that
the disorder width Γ = ~
2τ
is a fration of a Kelvin. Assuming that Γ is roughly independent
of n and therefore B, ts the data quite well, as seen in Fig. (1). In past omparisons to
data at 300mK and higher[19℄, disorder played a relatively minor role presumably beause
the temperature was muh larger than the Γ of those samples.
In this paper our goal is limited to understanding the eet of disorder on the NMR
relaxation rate, and we merely take Eq. (7) as a rude estimate of disorder broadening and
do not attempt to provide a omplete theory of longitudinal ondutane at ν = 1/2, a
subjet that is yet to be fully developed. (See [12℄ for a treatment of the harged Chern-
Simons fermion oupled to a gauge eld.)
Figure 2 shows a omparison of our theory to the T1 data at 45mK and 100mK. We nd
that the numerial values λ = 2.00 and Γ = 100mK produe the best overall agreement. A
B-independent parallel relaxation hannel, with rate 5×10−4s−1, (representing nulear spin
diusion out of the 2DEG, and estimated from the TE data), has been added to our theory,
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Figure 1: The data from Tray and Eisenstein, Ref. [24℄, tted to a 1/B urve. The good t implies
that the transport time is independent of B or n.
and our predition has been normalized to oinide with the data at B = 4 Tesla. Finally
(B) was saled from its value at 4 Tesla.
Disorder seems to mimi the eets of nonzero temperature in many ways. We see a lear
attening of the results for T1 below E
∗
Z . Above E
∗
Z , sine the bottom of the minority spin
band is disorder-broadened, there is always some density of states of both spin speies near
the hemial potential, and therefore T1 rises muh slower than the ativated form of Eq.
(4).
Figure 3 shows the omparison of theory versus experiment for 1/T1 versus T for several
B values. As at low T , the theory shows more B-dependene than is measured, and does
not do too well past saturation.
The plan of this paper is as follows. In Setion II we give a brief review of the Hamiltonian
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Figure 2: Comparison of theory and experiment for T1 vs B at 45mK (solid line, irles) ) and
100mK (dotted line, squares). The optimal values λ = 2 (at 4T ) and Γ = 100mK were employed.
In the omparison, an oset of 5 × 10−4s−1 has been added to the nulear relaxation rate to
aount for the diusion of nulear spins out 2DEG into the bulk.
Theory. In Setion III we introdue our onstant width disorder model, set up the HF
equations, and present a formula for the NMR relaxation rate and polarization. Setion IV
is devoted to a omparison of theory to experiment and the role of our two free parameters,
and of the temperature, on the NMR relaxation rate. In Setion V we address the eets of
Landau-level mixing qualitatively, and in Setion VI we onlude by presenting some of the
limitations of our work, how they may be overome, and some open questions.
II. REVIEW OF THE EXTENDED HAMILTONIAN THEORY
We shall furnish only a brief summary of the Hamiltonian theory sine omplete de-
tails may be found in our review artile[17℄. Our starting point will be the full eletroni
Hamiltonian
H =
∑
i
Π2ei
2m
+
∫
d2q
(2π)2
v(q)ρe(q)ρe(−q) (8)
where m is the band mass of the eletrons, Πe = pe + eA is the veloity operator of
the eletrons of harge −e, v(q) is the Coulomb interation between the eletrons, and
7
ρe(q) =
∑
i exp−iq · rei is the eletroni density operator.
To failitate the projetion to the LLL, we diagonalize the kineti energy by deomposing
the eletron oordinates and momenta into ylotron (ηe) and guiding enter (Re) variables
ηe = l
2zˆ×Πe (9)
Re = re − l2zˆ×Πe (10)
where l =
√
~c/eB is the magneti length. These oordinates obey the ommutation
relations [
ηex ,ηey
]
= il2 [Rex ,Rey] = −il2 [ηe ,Re] = 0 (11)
The kineti energy depends only on the ylotron oordinate, with the LLL orresponding
to the harmoni osillator ground state for this variable. Expressing the eletron oordinate
as re = Re + ηe we an now take the LLL limit of the Hamiltonian to get
H¯e =
∫
d2q
(2π)2
v(q)ρ¯e(q)ρ¯e(−q) (12)
where ρ¯e is the eletron density operator projeted to the LLL.
ρ¯e(q) = e
− 1
4
(ql)2
∑
i
e−iq·Rei. (13)
0 0.05 0.1 0.15 0.2
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0
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Figure 3: Comparison of theory and experiment for 1/T1 vs T In the omparison, an oset of
5 × 10−4s−1 has been added to the nulear relaxation rate to aount for the diusion of nulear
spins out 2DEG into the bulk semiondutor. The parameters used were λ = 2,Γ = 100mK.
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While we an easily projet the Hamiltonian to the LLL, working with it is another thing.
Here, briey, are the problems we fae and their resolution. The original eletroni problem
assigns to eah partile two oordinates (xe, ye) = re and two onjugate momenta (pex, pey) =
pe. In the LLL, kineti energy is quenhed but xe and ye beome onjugate variables so that
H = v(xe, ye) poses a nontrivial quantum problem.
Equivalently, eah eletron has a ylotron oordinate ηe and guiding enter oordinate
Re. In the LLL the Hamiltonian is v(Re) with Rex and Rey being onjugate variables.
Quantizing suh a problem is triky and involves working with analyti wave funtions [26℄.
Our trik was to begin with new partiles, the CF's, equal in number to the eletrons,
eah with oordinate r and veloity Π = p+ e∗A, where e∗ = e/(2ps+1) is the CF harge.
Thus Π desribes partiles whih will ll exatly p LL's. In what follows we will also work
with η and R, the orresponding ylotron and guiding enter oordinates of the CF. Note
that the CF variables do not arry subsripts.
In this spae we form the following entities:
Re = R+ ηc = r− l21+c zˆ×Π (14)
Rv = R+ η/c = r+
l2
c(1+c)
zˆ×Π (15)
The rst vetor Re is identied with the eletroni guiding enter oordinate sine it obeys
[Rex , Rey] = −il2. (16)
Thus the LLL projeted eletroni Hamiltonian we set out to solve is just H = v(Re). Sine
a quantum problem is haraterized by the ommutation rules, this is a faithful transription
of our original mission. However, there is no assurane the degeneray of our levels will be
the same now.
Indeed we an see there is going to be a huge degeneray beause of the other oordinate
Rv It desribes a partile we all the pseudo-vortex. It ommutes with Re:
[Re ,Rv] = 0. (17)
and obeys
[Rvx , Rvy] = il
2/c2, (18)
Thus Rv is a yli variable whose dynamis is unrelated to the original problem. Let us
get aquainted with it anyway, sine all this will hange.
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First of all, it follows from its ommutation rules that Rv desribes a partile of harge
−c2 in eletroni units. If this objet paired with an eletron, it would yield an entity with
total harge e(1− c2) = e/(2ps+ 1) = e∗. This is exatly how the vorties in the trial wave
funtions sreen the eletron to give rise to the CF[5℄. However the adjetive "pseudo" is
appended for two reasons: (i) The vorties in the wave funtions are not reatures with
their own oordinates independent of eletrons. (ii) The pseudo-vortex so far has nothing
to do with the original problem, but is rather something we introdued when we enlarged
the Hilbert from the LLL projeted ase desribed by just Re to a regular fermioni spae,
i.e., the CF spae.
SineH = v(Re) does not depend onRv, the dynamis ofRv is unspeied. They are like
gauge variables and their dynamis is determined by gauge xing. We made the reasonable
hoie that the density ρv formed out of Rv annihilated all physial states.
This gives us two options.
The rst is to start with a self-onsistent Hartree-Fok (HF) solution to the Hamiltonian
of Eq. (12) written in CF oordinates, and to ompute response funtions in a onserving
approximation[28℄, suh as time-dependent Hartree-Fok (TDHF). In this approximation
the onstraints are satised are satised weakly, in orrelation funtions[29, 30℄.
The seond approximation, whih we have employed in the past[14, 15, 19, 20℄, and use
in this manusript, is more unonventional. We argue that when ating on exat physial
states (whih are annihilated by ρ¯v) there should be no dierene between the projeted
eletron density operator ρ¯e, and the following preferred density operator
ρ¯p(q) = ρ¯e(q)− c2ρ¯v(q). (19)
The new operator ρ¯p has the advantage of exhibiting many of the nonperturbative properties
of the CF without any omputation, at the tree level. First, it desribes a partile of harge
e∗ = e(1 − c2) as an be seen by looking at the zeroth order term in an expansion ρp(q) in
powers of q. The order q term has the orret oeient to impose another ruial property
ditated by Kohn's theorem[27℄, that any intra-LLL matrix element of the density operator
should vanish faster than linear in q as q → 0. This property emerges from the onserving
alulation only after some eort[29, 30℄. It is very striking that one and the same admixture
of ρv, with oeient c
2
, serves two purposes at one.
As mentioned this situation is unusual. Normally we have a xed Hamiltonian and go
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in searh of a trial HF state from a family, here we have a xed HF state (with p lled LL
of CF's) and go searhing among a set of Hamiltonians equivalent in the onstrained spae.
If the onstraint is solved exatly, there is nothing to hoose between the original ρ¯e, the
preferred ρ¯p, or indeed, any arbitrary ombination of ρ¯e(q) and ρ¯v(q). On the other hand in
HF, the onstraint is not satised and the preferred ombination emerges as the best to use
sine it enodes ertain important nonperturbative properties of the CF at leading order.
We will heneforth use the preferred form of the density in all our alulations, to whih
we now turn.
III. NMR RELAXATION RATE FOR ν = 12
The assumption that all the nulei are in thermal equilibrium with eah other on a fast
time-sale leads to the standard Korringa Law for nulei in ontat with degenerate Fermi
gases[31℄. The formalism for the lean ν = 1
2
system has been previously worked out by one
of us[19℄. We will proeed diretly to the ase with disorder. Our model Hamiltonian is the
following:
H =
∫
d2q
(2π)2
v(q)ρ¯p(q)ρ¯p(−q)−EZSz +Hdis (20)
where EZ is the Zeeman energy, Hdis is the oupling to disorder, and we expliitly present
our preferred density operator for ν = 1
2
ρ¯p(q) = e
−(ql)2/4
∑
k
−2i sin(q× kl
2
2
)d†s(k)ds(k) (21)
Here d†s(k) reates a CF in a state with momentum k and spin-projetion s. For our simple
model, we do not need to speify the detailed form of the oupling to disorder. We assume
that the net eet of Hdis in a disorder-averaged treatment is to provide a momentum- and
spin-independent width Γ to every single-partile state. We inorporate this into our HF
energy alulation as follows. Let the disorder-averaged energy of a state labelled by k, s be
ǫs(k), and its oupation be ns(k). Then deomposing the Hamiltonian of Eq. (20) in the
HF aproximation, we nd
ǫs(k) = −EZ s2 +
∫
d2q
(2π)2
v(q)e−(ql)
2/2[1− cos(q× kl2)][1− ns(k+ q)− ns(k− q)] (22)
ns(k) =
∞∫
−∞
dǫ′ Γ
π(ǫ′2+Γ2)
1
1+eβ(ǫs(k)−ǫ
′−µ) (23)
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where β = 1/kBT is the inverse temperature. The form of the rst equation is the same
as in the lean system, while the disorder-broadening Γ makes itself felt in the oupations.
It says that sine a partile in a state of momentum k (dened after averaging) an be in
a state of energy dierent from ε(k) by an amount of order Γ, a band of energy states of
width Γ will ontribute to n(k) by onvolution.
The spetral funtion an be related to the disorder average of the exat disorder eigen-
states in the HF basis. Let the exat disorder eigenstates be labelled by α. We an expand
the operators whih annihiliate a CF in a momentum state in terms of α:
ds(k) =
∑
α
φα(k)dsα (24)
Now the retarded single-CF Green's funtion an be dened as
GRs (k,k
′, t) = −iΘ(t)〈Ω|{ds(k, t), d†s(k′, 0)|Ω〉 (25)
Fourier transforming and expanding in the exat disorder states we nd
GRs (k,k
′, ω) =
∑
α
φα(k)φ
∗
α(k
′)
ω − Eα + i0+ (26)
Now taking the disorder average and omparing to the spetral funtion, we infer that
φα(k)φ∗α(k
′) = δkk′
Γ/π
Γ2 + (Eα − ǫs(k))2 (27)
When Eqs. (23) are iterated to self-onsisteny they provide the HF state of the CF-Fermi
sea in the presene of disorder. Of ourse, one needs to maintain the half-lling ondition
at every HF iteration: ∫
d2k
(2π)2
[n↑(k) + n↓(k)] =
1
4πl2
(28)
Now one needs to address the spin orrelations, whih are important for the NMR re-
laxation rate[19℄. The hyperne interation between the eletrons and the nulei is given
by
8π
3
γeγn~2|u(0)|2I · Se(0) (29)
where γe,n are the magneti moments of the eletron and the nuleus, u(0) is the eletroni
wavefuntion at the nuleus, I is the nulear spin, and Se is the eletroni spin density
operator at the position of the nuleus. We dene this operator as follows:
Sae (r = 0) =
1
L2
∑
k,q
e−iq×kl
2/2−(ql)2/4d†s(k− q)σ
a
ss′
2
ds′(k) (30)
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Note that this operator does not ommute with the projeted density operator, but has LLL
spin-harge ommutation relations[32℄. Now a Fermi golden rule alulation produes the
following expression for the NMR relaxation rate[19℄:
1
T1
= π(
8πγeγn
3
)2|u(0)|4
∞∫
−∞
dt〈Ω|Sxe (r = 0, 0)Sxe (r = 0, t)+Sye (r = 0, 0)Sye (r = 0, t)|Ω〉 (31)
In our evaluation of the spin-orrelation funtion, we will ignore vertex orretions, both due
to the gauge eld (arising from the imposition of the onstraints[29, 30℄) and from disorder
averaging. We have found from our previous work that the vertex orretions due to the
gauge eld manifest themselves at extremely low energies, where they give rise to a olletive
overdamped mode, but are unimportant at not too low temperatures. The vertex orretions
due to disorder are important primarily at small q and at energies muh smaller than the
disorder width Γ. However, our orrelator involves a sum over all q, and the experiments
are arried out at a minimum temperature of 45mK, whih is of the same order as Γ. Thus,
we expet the eet of disorder vertex orretions to be negligible as well.
The rest of the alulation is straightforward. Calling the onstant π(8πγeγn
3
)2 = D and
performing the disorder average, we have
1
T1
= D |u(0)|
4
L4
∑
kik
′
i
ei
l2
2
(k1×k′1+k2×k
′
2)−
l2
4
((k1−k′1)
2+(k2−k′2)
2) ×
∞∫
−∞
dt[〈Ω|d†↑(k1, t)d↑(k′2, 0)|Ω〉〈Ω|d↓(k′1, t)d†↓(k2, 0)|Ω〉
+ 〈Ω|d†↓(k1, t)d↓(k′2, 0)|Ω〉〈Ω|d↑(k′1, t)d†↑(k2, 0)|Ω〉] (32)
Expressing the single-partile Green's funtions in terms of the spetral funtion, and inte-
grating over t, we obtain
1
T1
= D |u(0)|
4
L4
∑
k1k2
∞∫
−∞
dEnF (E)(1− nF (E))
(
Γ
π
)2
× (33)
(
1
(Γ2+(E−ǫ↑(k1))2)(Γ2+(E−ǫ↓(k2))2
+ ↑→↓
)
(34)
Now we onvert the momentum sums into energy integrals by introduing the densities of
states per unit volume ρ↑↓(ǫ) of the ↑ and ↓ spins to get the nal expression
1
T1
= D|u(0)|4 ∫ dEdE↑dE↓e− l22 (k2↑+k2↓)I0(k↑k↓l2/2)ρ↑(E↑)ρ↓(E↓)nF (E)(1− nF (E))×
(Γ/π)2
(Γ2+(E−E↑)2)(Γ2+(E−E↓)2)
(35)
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0
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Γ=120mK
Figure 4: A omparison of the T1 vs B urves for λ = 2.00 for dierent amounts of disorder. The
dashed line represents the naive CF predition of B−5/3 below full polarization. T1 is in arbitrary
units and the urves have been normalized to be equal at 4 Tesla for ease of omparison.
Here ks = ks(Es) are to be understood as the result of inverting the energy-momentum
dispersion relation, and I0 is the modied Bessel funtion arising from the angular average
of exp(k↑ ·k↓l2/2). It is important to note that while the nF (E)(1−nF (E)) fator gives the
dominant T dependene at low T , there are hidden T dependenies in the energy-momentum
dispersion relations obtained from the self-onsistent HF solution.
IV. RESULTS AND DISCUSSION
Let us begin by asking how we extrat the values for and Γ. Note that 1/T1 has the
form
1¯
T1
= |u(0)|4f(T, (B),Γ) (36)
Let us look at the T dependene of 1¯
T1
at xed B, say at 4 Tesla. A rough estimate of
omes from [19℄ where the following formula is is derived
P = .13
√
B(T )7/4 ν =
1
2
P < 1 (37)
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relating the polarization to B(T ) in Tesla prior to saturation. From TE data whih tells us
P = 1 ours rst for B(T ) ≃ 6.25 we dedue = 1.9 as a good start whih must be further
improved by looking at the data. The width Γ = 100mK is found by onsidering T1 versus
B data for T = 45 mK, T = 100mK. None of these numbers is unique in that the t is
not perfet and hanging the numbers ould improve things in one region and worsen it in
another. With these values of Γ and we pik the overall sale, inluding |u(0)|4, to agree
with the data at 4-Tesla, 45 mK, with the oset of 5 · 10−4 s−1 from spin diusion into the
bulk inluded. We are now set to make preditions at any other B sine Γ is assumed to be
onstant and the saling of and |u(0)|4 are known:
λ(B) = λ(4Tesla)
( B
4 Tesla
)1/6
(38)
Fig. 4 shows the eet of Γ when λ is held xed at 2.00 and the temperature is held onstant
at 45 mK. The dashed line shows the expetations from naive CF theory, whih predits a
B−5/3 dependene until full polarization, and an exponential inrease in T1 thereafter. As
an be seen, even without disorder, the preditions of self-onsistent HF vary substantially
from the naive CF expetation. However, the qualitative features of the naive expetation
are indeed present in the lean limit.
The eet of disorder is to redue the dependene on B below full polarization, and to
make the rise after full polarization gentler than exponential. The seond feature an be
understood by observing that even when the disorder-averaged position of the bottom of
the minority spin band is above the hemial potential, the Lorentzian broadening of the
band bottom will produe some density of minority spin states at the hemial potential.
Assuming a onstant Γ this DOS an be seen to go as (B−Bc)−2, whih implies a behavior
(B − Bc)2 for T1.
In Fig. 5 we show the behavior of T1 in the lean system (Γ = 0) at three dierent
temperatures. It is lear that at higher temperatures, T1 is lower due to a greater part of the
band being partially oupied. However, the rise of T1 beyond full polarization is extremely
rapid, and it is lear that this is not ompatible with the experimental data[24℄.
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A. Polarization
As mentioned earlier, a ompelling reason for preferring the Hamiltonian theory over
more phenomenologial CF theories without a diret link to the eletroni Hamiltonian arises
when one simultaneously tries to explain data on independent quantities like polarization
and 1/T1. Where the simpler models all for mutually inompatible values of mass and
interation parameters, the Hamiltonian theory, given just λ from one data point, is able to
aount for all the salient features of the data.
To this end we are presenting here the preditions of our theory on polarization P (B, T )
for the optimal values λ = 2,Γ = 100mK. Sine the dependene of P on T is very weak for
the range onsidered by TE, we present just the B dependene in Fig. 6. Unfortunately TE
do not measure the polarization. We present these results in the hope that one day they
may be tested.
3 4 5 6 7
B (Tesla)
0
5
10
15
20
25
30
T
1
T=50mK
T=75mK
T=100mK
Figure 5: The preditions of the HF approximation of the extended Hamiltonian theory for the
lean system for three dierent temperatures. T1 inreases exponentially beyond full polarization
at the lowest temperature of 50mK. Also note the drop in T1 below full polarization.
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Figure 6: The Polarization P (B) for λ = 2.00 and Γ = 100mK.
V. QUALITATIVE EFFECT OF LANDAU-LEVEL MIXING
At elds of the order of a few Tesla the interation sale e2/κl (approximately
50
√
BKelvin where B is in Tesla) is omparable to the ylotron sale ~ωc (approxi-
mately 20BKelvin where B is in Tesla). The ratio e
2
κl~ωc
sales as 1/
√
B. The lower the
eld, the more important Landau-level mixing is[33℄. In this setion we will show that the
qualitative eet of Landau-level (LL) mixing is to improve the agreement between theory
and experiment.
In previous work we have developed a formalism for taking Landau-level mixing into
aount in our Extended Hamiltonian theory[34℄, where the eletroni ylotron oordinate
ηe is retained. Briey, by a unitary transformation we eliminate the oupling to the higher
Landau levels. To leading order, this results in additional four-fermi and six-fermi[34℄ terms
proportional to the perturbation parameter ζ = e
2
κl~ωc
.
While this an be folded into the HF alulation we have desribed in previous setions, it
is omputationally umbersome. We will proeed to take its eet into aount qualitatively.
LL-mixing produes level repulsion between the LLL states and higher LL states. The states
at the top of the LLL are repelled more, with the net eet being to redue the interation-
indued bandwidth of the LLL. This means that the density of states of CF's is inreased by
this eet, implying that T1 should derease due to LL-mixing. This redution is larger at
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low elds and smaller at high elds. Applying this insight to Fig. 3 we see that LL-mixing
will bring the theoretial predition into better agreement with the data.
The magnitude of this eet an be estimated by referring to our previous alulations
in the gapped frations[34℄. For 3 Tesla, the LL-mixing parameter is roughly ζ = 1.4, while
for 6 Tesla is dereases to 1. From Fig. 1 of Ref. [34℄ it is seen that the redution of the
FQH gap is between 5-7% in this range. We an thus expet the density of states of the
CF's to be enhaned a few perent at 3 Tesla relative to the density of states at 6 Tesla.
This will tend to atten the onavity of the theoretial urves at low B and improve the
agreement with experiment.
VI. CONCLUSIONS, CAVEATS, AND OPEN QUESTIONS
In this paper we have foussed reent experiments of Tray and Eisenstein[24℄ on a ν =
1/2 system for temperatures as low as 45mK and a range of magneti elds. They measured
the nulear relaxation rate 1/T1 by magnetially disturbing the system and measuring the
relaxation of the resistane to its equilibrium value. The preditions of the naive CF piture
disagree strongly with the measurements. We showed here that the extended Hamiltonian
theory developed by us gives a satisfatory aount of the data if in addition to the thikness
parameter λ of the eletron-eletron interation[23℄ we inorporate some onstant, spin-
independent, disorder-indued width of order Γ = 100mK for all momentum states.
Our Hartee-Fok alulation ignores vertex orretions due to gauge elds[29, 30℄ sine
they aet properties only in the extreme low-energy/low-temperature limit. We also ig-
nore vertex orretions due to stati disorder beause the property we alulate, 1/T1, is an
integral over all momenta, and is therefore expeted to be insensitive to diusion-like on-
tributions at small q. Our optimal value for the disorder width Γ is 100mK − 120mK, not
too dierent from a rude estimate based on an appliation of the Drude formula (Eq. (7))
to the measured longitudinal resistivity[24℄. This gives us ondene that our alulation is
ertainly an important part of the explanation.
The value we have used for the thikness parameter in our alulations, λ = 2.00 at
B = 4 Tesla, requires some disussion. If one took the thikness parameter arising from
the self-onsistent wavefuntion in the transverse diretion[23, 25℄ one would obtain λ ≃
1. The primary eet of λ is to soften the Coulomb interation at short distanes. In
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inompressible states where there is no linear sreening, the nite thikness is indeed the
dominant ontribution to softening the Coulomb interation at short distanes. However, in
a ompressible system suh as ν = 1
2
, there will be further sreening by the CF's themselves,
whih will inrease the eetive value of λ beyond that dedued from the nite thikness of
the 2DEG. We believe this is the reason our value of λ is so large.
Let us now turn to some aveats. The fundamental assumption underlying our approah
is that disorder averaging gives a true physial piture of the system. While we expet this
to be true when the system is far from full polarization and the states of both spins are
extended, we expet that more ompliated physis is relevant near full polarization. In this
regime, we an expet the minority spins to beome loalized, perhaps in droplets at the
minima of the disorder potential. Beause they are surrounded by a sea of majority spins, in
addition to the usual disorder potential, the minority spins feel an exhange potential whih
tends to further loalize them. Suh eets our in zero-eld Fermi liquids as well, but here
the sale of the exhange interations is omparable to the Fermi energy, and exhange eets
are magnied. Thus it is doubtful whether disorder-averaging will give a physially relevant
answer. We an estimate the behavior of T1 for large B in this regime as follows: Visualize
droplets of minority spin CF's lling the minima of the disorder potential. As the Zeeman
energy inreases, the droplets will shrink suh that their area depends linearly on the Zeeman
energy. Sine the total relaxation rate should be roughly proportional to the total area of
suh droplets (relaxation requires that both spin speies of CF's be present at a given nulear
site in the loalized regime) 1/T1 should derease linearly with the Zeeman energy. Atually,
some droplets will disappear when the Zeeman energy inreases, so the derease of 1/T1 will
be faster than linear in EZ , with the atual power depending on the distribution of minima
of the disorder potential. Note that the disorder potential whih should be used here is not
the bare one due to inhomogenieties of the dopants, but rather the bare potential sreened
by the ompressible CF state, and inluding exhange ontributions of the type mentioned
earlier. A quantitative alulation of these eets is beyond the sope of this paper. In light
of these arguments, it is rather fortuitous that our disorder-averaged alulation seems to
trak the data (Fig. 2) even beyond nominal full polarization.
Finally, we have made no attempt to onstrut a theory of the longitudinal
ondutane[12℄ in the LLL. As has been known for some time[35℄, the dominant terms
in the urrent operator are Landau-level mixing terms. However, it seems likely that the
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low-frequeny longitudinal ondutane is ontrolled entirely by LLL physis. An intriguing
part of the data of TE[24℄ is the peak in
1
ρxx
dρxx
dEZ
near nominal full polarization. Our piture
of the formation of loalized droplets of minority spin near nominal full polarization may
have some relevane for this peak as well. If suh droplets are formed, they represent an
additional repulsive exhange potential for the majority spins, whih are mainly responsible
for transport. Near nominal full polarization, the system is extremely sensitive to the Zee-
man energy, and we expet the sattering due to the exhange potential of these droplets to
be maximized. We hope to revisit this issue in future work.
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